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Introduction

Introduction

@ We investigate model theoretic-constructions

@ We study how these constructions can be performed without
actual infinity

@ We use the notion of FM-representability as an explication of
“expressibility without actual infinity”
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Concrete Models

Definition
Let 0 = {P1,..., Pk, C} be a finite relational (concrete)

vocabulary.
We say that A = (ou, ¢py;-- - PP, PC, L) is a concrete
o-model when:

@ wy FM-represents a non-empty set U
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Definition
Let 0 = {P1,..., Pk, C} be a finite relational (concrete)
vocabulary.
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Concrete Models

Concrete Models

Definition

Let 0 = {P1,..., Pk, C} be a finite relational (concrete)
vocabulary.

We say that A = (ou, ¢py;-- - PP, PC, L) is a concrete
o-model when:

@ wy FM-represents a non-empty set U

@ ¢p. FM-represents a ar(P;)-ary relation R; on U for
i=1,...k

o ¢ FM-represents a function C' from C to U

@ . FM-represents the satisfaction relation on
(U,Ry,...,R, Ch)
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Concrete Models 2

Concrete model-theoretic notions

@ Expansion, Reduction
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Concrete Models 2

Concrete model-theoretic notions

Expansion, Reduction

Sub-models
Morphisms between models

Diagrams

Chains of models
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Concrete Models 3

Problems
@ Images under concrete morphisms and diagrams
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Problems
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Concrete Models

Concrete Models 3

Problems
@ Images under concrete morphisms and diagrams
@ Sums of arbitrary chains

@ Glueing models (to be explained later)
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Concrete Models

Concrete Completeness

Let T be a consistent theory such that Cn(T) is concrete. Then
there is a concrete model A of T.
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Model-theoretic Constructions

Robinson’s Construction

Craig's Interpolation Lemma

Let ¢ be a Li-sentence, let ¢ be a L, sentence and let ¢ = 1.
Then there is a L1 N Ly sentence 6 such that ¢ =6 and 6 = .
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Model-theoretic Constructions

Robinson’s Construction

Craig's Interpolation Lemma

Let ¢ be a Li-sentence, let ¢ be a L, sentence and let ¢ = 1.
Then there is a L1 N Ly sentence 6 such that ¢ =6 and 6 = .

Separability

Let 71 be a theory in language L; and let T be a theory in
language L. We say that T; and T, are separable in there is an
L1 N Ly sentence 6 such that T; F 8 and T, - —6.
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Robinson’s Construction 2

Proof of Craig's Interpolation Lemma

Let ¢ and v be as in the statement of the theorem. Suppose for
the sake of contradiction that there is no interpolant.
@ Construct a complete in L1 N Ly theory A such that AU {¢}
and AU {—%} are inseparable.
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Robinson’s Construction 2

Proof of Craig's Interpolation Lemma

Let ¢ and v be as in the statement of the theorem. Suppose for
the sake of contradiction that there is no interpolant.
@ Construct a complete in L1 N Ly theory A such that AU {¢}
and AU {—%} are inseparable.
° o To=AU{p},

o A; by completeness from T;
e S5 = (EIDiag(Ao) N Sentle_Z) U {ﬁ(ﬁ},
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Model-theoretic Constructions

Robinson’s Construction 2

Proof of Craig's Interpolation Lemma

Let ¢ and v be as in the statement of the theorem. Suppose for
the sake of contradiction that there is no interpolant.

o Construct a complete in L; N Ly theory A such that AU {¢}
and AU {—%} are inseparable.
o ° T() =AU {QD},
o A; by completeness from T;
o So = (EIDiag(Ao) N Sent,ni,) U {4},
e B; by completeness from S;
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Robinson’s Construction 2

Proof of Craig's Interpolation Lemma

Let ¢ and v be as in the statement of the theorem. Suppose for
the sake of contradiction that there is no interpolant.

o Construct a complete in L; N Ly theory A such that AU {¢}
and AU {—%} are inseparable.

To=AU{e},

A; by completeness from T;

So = (EIDiag(Ao) N Senty,nr,) U{~¢},

B; by completeness from S;

Tiy1 = (EIDiag(B,-) n SentleLz) U EIDiag(.A,-),
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Model-theoretic Constructions

Robinson’s Construction 2

Proof of Craig's Interpolation Lemma

Let ¢ and v be as in the statement of the theorem. Suppose for
the sake of contradiction that there is no interpolant.

o Construct a complete in L; N Ly theory A such that AU {¢}
and AU {—%} are inseparable.

To=AU{p},

A; by completeness from T;

So = (EIDiag(Ao) N Senty,nu,) U {~0},

B; by completeness from S;

Tiy1 = (EIDiag(B,-) n SentleLz) U EIDiag(.A,-),

5,'+1 = (EIDiag(A,-+1) N Sent,_lmz) U EIDlag(B,)
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Model-theoretic Constructions

Robinson’s Construction 3
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The Problem and the Solution

Robinson’s Construction in Concrete Framework

Proof of Craig's Interpolation Lemma

Let ¢ and v be as in the statement of the theorem.

@ Construct a complete in L1 N Ly theory A such that AU {¢}
and AU {—%} are inseparable.

To=AU{¢p},

A; by completeness from T;

So = (EIDiag(Ao) N Senty,n,) U {9},

B; by completeness from S;

Ti+1 = (EIDiag(B;) N Senty,nt,) U EIDiag(A;),

Siv1 = (EIDiag(A;+1) N SentleLz) U EIDiag(B,-).
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The Problem and the Solution

Robinson’s Construction in Concrete Framework 2

Concrete completeness theorem is no sufficient!
We need a more convenient version of completeness theorem which
we can interate.
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The Problem and the Solution

Computations

Turing machines with oracles

Turing machines with two oracles

°
°
@ Halting problem
o Low sets

°

Conventions
o €2<W g e2¥ d%(n), CD?EBg(n),J eT,ge[Tl,gl(i+1)
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The Problem and the Solution

Low Basis Theorem

Low Basis Theorem

Every infinite low binary tree T has a low infinite branch f such
that f & T is low.
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The Problem and the Solution

Low Basis Theorem

Low Basis Theorem

Every infinite low binary tree T has a low infinite branch f such
that f & T is low.

Corollary - Low Completeness Theorem

Let T be a consistent low theory. Then there is a low concrete
model A such that A= T and A& T is low.
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The Problem and the Solution

Low Basis Theorem 2

Un = {o €2 997 (n) 1},

Now let us inductively define a descending sequence of trees as

follows.
To=1T,
T T, if T,N U, is finite
=Y T,NU, else
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Low Basis Theorem 3

@ Tricky algorithms — M;
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The Problem and the Solution

Low Basis Theorem 3

@ Tricky algorithms — M;
e f(i) =1 if and only if Ty 1 N Ur iyt
o IsFinite(T) =3nVYo (lh(c) =n=0c ¢ T)
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The Problem and the Solution

Low Basis Theorem 4

Let n € w. Then T, is infinite and recursive in 7, thus low.
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Low Basis Theorem 4

Let n € w. Then T, is infinite and recursive in 7, thus low.

Let i € w and let g € 2“. Then:

g(i) =1 if and only if ¢§MI,‘|(,_MI—|) !
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The Problem and the Solution

Low Basis Theorem 4

Let n € w. Then T, is infinite and recursive in 7, thus low.

Let i € w and let g € 2“. Then:

g(i) =1 if and only if ¢§MI1('_M,'1) !

Let i € w. Then:

o T;N Ujis finite = Vg € [Tj11] ®¢%7 (i) |
o T;N Ujis infinite = Vg € [Ti41] %7 (i) 1
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The Problem and the Solution

Low Basis Theorem 5

Let i € w. Then the following are equivalent:
Q@ Trp 41N Uy is finite
@ Vg € [Trmia] OEGL(TMT) |
Q@ Vg e [Trm]l (g T)(i) =1
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Low Basis Theorem 5

Let i € w. Then the following are equivalent:
Q@ Trp 41N Uy is finite
@ Vg € [Trmia] OEGL(TMT) |
Q@ Vg e [Trm]l (g T)(i) =1

Let i € w and let g € [Trpy,41]. Then

gli+1)=F(i+1)
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The Problem and the Solution

Low Basis Theorem 5

Let i € w. Then the following are equivalent:
Q@ Trp 41N Uy is finite
@ Vg € [Trmia] OEGL(TMT) |
Q@ Vg e [Trm]l (g T)(i) =1

Let i € w and let g € [Trpy,41]. Then

gli+1)=F(i+1)

For every k € w it holds that f € [Ty].
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Low Basis Theorem 6

Let i € w. Then the following are equivalent:
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Low Basis Theorem 6

Let i € w. Then the following are equivalent:
Q@ T;N U is finite
@ Vg € [Ti11]95%7 (i) |
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The Problem and the Solution

Low Basis Theorem 6

Let i € w. Then the following are equivalent:
Q@ T;N U is finite
@ Vg € [Tia]®F*7(7) |
@ o[*7(i) |
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The Problem and the Solution

Robinson’s Construction in Concrete Framework - again

Proof of Craig's Interpolation Lemma

Let ¢ and v be as in the statement of the theorem.

@ Construct a complete in L1 N Ly theory A such that AU {¢}
and AU {—%} are inseparable. But how??

To=AU{¢p},

A; by low completeness from T;

So = (EIDiag(Ao) N Senty,n,) U {9},

B; by low completeness from S;

Ti+1 = (EIDiag(B;) N Senty,nt,) U EIDiag(A;),

Siv1 = (EIDiag(A;+1) N SentleLz) U EIDiag(B,-).
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The Problem and the Solution

Robinson’s Construction in Concrete Framework - again 2

Everything works... except for glueing.
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